Abstract. We establish some upper bounds for the number of integer solutions to the Thue inequality |F (x, y)| ≤ m, where F is a binary form of degree n ≥ 3 and with non-zero discriminant D, and m is an integer. Our upper bounds are independent of m, when m is smaller than |D| 1 4(n−1) . We also consider the Thue equation |F (x, y)| = m and give some upper bounds for the number of its integral solutions. In the case of equation, our upper bounds will be independent of integer m, when m < |D| 1 2(n−1) .
Introduction and statements of the results
Let F (x, y) be a binary form with integral coefficients. Let m be a positive integer. In this manuscript, we study the Thue inequality It is well-known [34] that such inequalities and equations have at most finitely many solutions in integers x and y, provided that n ≥ 3 and the maximal number of pairwise non-proportional linear forms over C dividing F is at least 3. Definition. A pair (x, y) ∈ Z 2 is called a primitive solution to inequality (1) (or to equation (2)) if it satisfies the inequality (or the equation) and gcd(x, y) = 1.
For any nonzero integer m let ω(m) denote the number of distinct prime factors of m. In 1933, Mahler [27] proved that if F is irreducible then equation (2) has at most C 1+ω(m) 1 solutions in integers x and y, where C 1 is a positive number that depends on F only. In 1987, Bombieri and Schmidt [7] showed that the number of solutions of F (x, y) = m in co-prime integers x and y is at most
where C 2 is an absolute constant. The latter upper bound is independent of the coefficients of the form F ; a result of this flavor was first deduced in 1983 by Evertse [16] .
As for the inequality, Mahler [28] showed that (1) has at most c(F )m 2/n solutions, where c(F ) depends only of F . This bound is what one would expect intuitively. Thunder [35] showed that c(F ) can be replaced by a constant depending only on n. Our main goal here is to establish an upper bound, independent of m, for the number of solutions to (1) and (2) when m is small enough in terms of the discriminant of F . Throughout this article, we regard (x, y) and (−x, −y) as one solution. has been studied by Evertse and Győry (see [16] and [18] ). Define, for 3 ≤ n < 400, (N(n), δ(n)) = 6n7 ( n 3 ) , 5 6 n(n − 1) and for n > 400, (N(n), δ(n)) = (6n, 120(n − 1)) .
They prove that if
|D| > m δ(n) exp(80n(n − 1)), then the number of solutions to (3) in co-prime integers x and y is at most N(n). Győry has [21] also proved, for binary form F of degree n ≥ 3, that if 0 < a < 1 and |D| ≥ n n (3.5 n m 2 ) (2(n−1)/(1−a)) , then the number of primitive solutions to (2) is at most 25n + (n + 2)
. Furthermore, if F is reducible then the number of primitive solutions to (2) is at most 5n + (n + 2) 2 a + 1 4 . Our next theorem is inspired by a paper of Stewart's [33] , where he shows, among other things, that if ǫ > 0, the discriminant D of F is non-zero, and |D| 1/n(n−1) ≥ m 2 n+ǫ , then the number of pairs of co-prime integers (x, y) for which F (x, y) = m holds is at most 1400 1 + 1 8ǫn n. It turns out that the assumption that F be irreducible in the above theorems is not really necessary. As long as our binary form is of degree at least 3 and is not a power of a linear or quadratic form, the statements of Theorems 1.1 and 1.2 hold. Indeed, we have Theorem 1.3. Let F (x, y) ∈ Z[x, y] be a reducible binary form of degree n ≥ 3. Assume that either the maximal number of pairwise non-proportional linear forms over C dividing F is at least 3 or F is a product of powers of 2 linear forms with rational coefficients. Let m be an integer with 0 < m ≤ |D| . Then the inequality |F (x, y)| ≤ m has at most 2n + n 2(n − 1)ǫ primitive solutions.
One can use the above results to give upper bounds for the number of solutions of Thue inequalities and equations without assuming m is small. In these cases, however, our bounds will depend on m. Remark. In the statement of Theorems 1.4 and 1.5, upper bounds are given in terms of the smallest prime number greater than or equal to a parameter. For any N > 2 there is always a prime p such that N ≤ p < 2N. Therefore twice the parameter could be used in place of the prime number. This would have the advantage of making the bound more explicit.
Birch and Merriman [6] proved that for arbitrary n ≥ 4, there are only finitely many equivalent classes of binary forms in Z[x, y] of degree n and a fixed discriminant. Evertse and Győry [17] proved an effective version of this fact for binary forms of degree n ≥ 2. This, together with Theorem 1.1, brings us to the following conclusion. Corollary 1.6. Let m ≥ 1 and n ≥ 3 be integers. The set of binary forms F ∈ Z[x, y] of degree n with nonzero discriminant for which (1) has more than 7n primitive solutions is contained in the union of finitely many equivalence classes, a full set of representatives of which can be effectively determined.
Brindza, Pintér, van der Poorten and Waldschmidt [9] obtained an upper bound for the number of large solutions of |F (x, y)| = m. They proved that this Thue equation has at most 2n 2 (ω(m) + 1) + 13n primitive solutions (x, y) with
where M = M(F ) denotes the Mahler measure of F and H(x, y) = max (|x|, |y|). Győry [21] established a linear upper bound 25n for the number of primitive solutions of inequality |F (x, y)| < m, with
Here we will prove Theorem 1.7. Let F (x, y) be an irreducible binary form with integral coefficients, degree n and discriminant D = 0. There are at most
In order to establish our upper bounds, we measure the size of possible solutions (x, y) of our inequality (or equation) by the size of y.
As we noted before, we regard (x, y) and (−x, −y) as one solution. Therefore, we will only count solutions with positive values of y.
Definition We call a pair of integral solution (x, y) ∈ Z 2 with y > 0
We will use different techniques to give upper bounds for the number of solutions in each of the categories.
In Section 2, we introduce some notation and recall some useful known results. In Section 3, we prove Theorems 1.4 and 1.5 as corollaries to our main results. In Section 4, we focus on counting small solutions (see Lemmata 4.4 and 4.5) . In Section 5, we will treat medium solutions (see Lemma 5.1, 5.3 and 5.4) . In Section 7, we associate a logarithmic curve Φ(t) : R → R n to each Thue inequality (and equation). In Section 8, we explore the asymptotic properties of this curve. By studying some geometric properties of the curve Φ(t), in Section 9, we establish an exponential gap principle for the norms of Φ( x y ), where (x, y) varies over large solutions of our Thue inequality (or equation). Finally in Section 10, we use the theory of linear forms in logarithms, to show that our gap principle guarantees the existence of only few large solutions (see Lemmata 10.3 and 10.5) . The idea of associating a logarithmic curve to Thue equations originates from Okazaki [31] , where he gives an upper bound for the number of solutions to cubic Thue equations of the type F (x, y) = 1. This idea has been modified and used by the author in [2] , to give an upper bound for the number of solutions to Thue equations F (x, y) = 1 of any degree n ≥ 3. The general strategy used here is similar to that in [2] , up to an appropriate definition of the logarithmic curve, however, in this manuscript totally different means has been used, especially in estimating the quantities that are playing important roles in the theory of linear forms in logarithms. Moreover, we need to deal with non-archimedean valuations and S-units here. For instance, some work of Bugeaud and Győry [10] is heavily used in estimating the quantities in our linear form in logs. We should also mention that Theorem 9.1, an essential part of this manuscript, provides an exponential gap principle which is similar to the one established in [2] . But the proof relies on understanding the technical details of the geometry of the logarithmic curve Φ(x, y), as opposed to the much simpler proof in [2] which appeals to Dobrowolski-type lower bounds for the height of algebraic integers.
In general, we do not expect that 1 n times the number of integer solutions of |F (x, y)| ≤ m is larger for binary forms of degree n = 3, 4 than for forms of degree ≥ 5. The reason that for n = 3, 4, we have obtained a larger upper bound for this quantity is purely technical (see Theorems 9.1 and 9.2). As a matter of fact, in [1] much better upper bounds for cubic Thue inequalities have been established, by using the method of Thue and Siegel.
In this manuscript, our main focus is to determine the largest integer m so that the upper bound for the number of solutions to |F (x, y)| ≤ m is independent of m. Even though establishing a small upper bound is of interest, it is not our primary goal.
Preliminaries and Notation

Solutions of Thue inequalities as rational approximations.
Let F (x, y) be a binary form of degree n, f (X) = F (X, 1) and α 1 , . . . , α n ∈ C the roots of f (X).
The following lemma is a version of the Lewis-Mahler inequality [23] , refined by Bombieri and Schmidt [7] . Lemma 2.1. Let F be a binary form of degree n ≥ 3 with integer coefficients and nonzero discriminant D. For every pair of integers (x, y) with y = 0
where the minimum is taken over the zeros α of F (z, 1).
Proof. This is Lemma 3 of [33] .
2.2.
Heights of polynomials and algebraic numbers. There are several different heights used in this manuscript. Of course these are all related by various well known inequalities. Now we explain some of the relations between these heights. For the polynomial G(X) = c(X − β 1 ) . . . (X − β n ) with c = 0, the Mahler measure M(G) is defined by
Let G be a polynomial of degree n and discriminant D. Mahler [25] showed
The Mahler measure of an algebraic number α is defined as the Mahler measure of the minimal polynomial of α over Q.
For an algebraic number α, the (naive) height of α, denoted by H(α), is defined by
where f (x) = a n X n + . . . + a 1 X + a 0 is the minimal polynomial of α over Z. We have
A proof of this fact can be found in [26] . [25] ) If a and b are distinct zeros of a polynomial P (X) of degree n, then we have
Lemma 2.2. (Mahler
where M(P ) is the Mahler measure of P .
Lemma 2.2 implies a lower bound for the imaginary parts of non-real roots of a polynomial. Corollary 2.3. Let P (X) be a polynomial of degree n. Assume that P has a non-real root c. Then the absolute value of the imaginary part of c is greater than or equal to
Proof. In Lemma 2.2, take a = c and b equal to the complex conjugate of c.
The following is Lemma 4.5 of [2]:
Lemma 2.4. Let f (X) = a n X n + . . . + a 1 X + a 0 be an irreducible polynomial of degree n, and with integral coefficients. Suppose that α is a root of f (X) = 0. For f ′ (X), the derivative of f , we have
where D is the discriminant, M(f ) is the Mahler measure and H(f ) is the naive height of f .
Let K be an algebraic number field of degree d and discriminant D K . Denote by M K the set of places on K. In every place v we choose a valuation |.| v in the following way. If v is infinite and corresponds to an embedding σ : K → C then for every ρ ∈ K,
is contained in R, and d v = 2 otherwise. If v is a finite place corresponding to the prime ideal p in K then |0| v = 0 and for every nonzero ρ ∈ K
with k = ord p (ρ). Then for every ρ ∈ Q(α) * , we have the product formula:
Note that |ρ| v = 1 for only finitely many v. We define the absolute logarithmic height of an algebraic number ρ as (6) h
This height is called absolute because it is independent of the chosen field that contains ρ. By the product formula
If α is an algebraic number with minimal polynomial a 0 (X−α 1 ) . .
Note that by (7) and (8), the absolute logarithmic height of an algebraic number α 1 and the Mahler measure of the minimal polynomial P (X) of the algebraic number are related by a simple identity
2.3.
Baker's theory of linear forms in logarithms. Suppose that K is an algebraic number field of degree d over Q embedded in C. If K ⊂ R, we put χ = 1, and otherwise χ = 2. Let γ 1 , . . . , γ N ∈ K * , with absolute logarithmic heights h(γ j ), 1 ≤ j ≤ N. Let log γ 1 , . . . , log γ N be arbitrary fixed non-zero values of the logarithms. Suppose that
Now consider the linear form
with b 1 , . . . , b N ∈ Z and with the parameter
and W 0 = log(1.5eBd log(ed)). We will use the following result of Matveev [30] to obtain a lower bound for a linear form in logarithms. There are some other versions of the following statement that can be used here (see [4] and [37] , for example).
Proposition 2.5 (Matveev [30] ). If log γ 1 , . . . , log γ N are linearly independent over Z and b 1 = 0, then
3. GL 2 (Z) actions and the proof of Theorems 1.4 and 1.5
In this section, we will see that when the binary F is transformed by the action of an element of GL 2 (Z), the problem of counting solutions remains unchanged, while the Diophantine approximation properties of F can change very drastically. Let
and define the binary form F A by F A (x, y) = F (ax + by , cx + dy).
We say that two binary forms F and G are equivalent if G = ±F A for some A ∈ GL 2 (Z) Let F be a binary form that factors in C as
Observe that for any 2 × 2 matrix A with integer entries
Let A ∈ GL 2 (Z). Notice that
and F A −1 (ax+by, cx+dy) = ±F (x, y). Also, when det A = ±1 we have gcd(ax + by, cx + dy) = 1 if and only if gcd(x, y) = 1. Therefore, the number of solutions (and the number of primitive solutions) to Thue equations and inequalities does not change if we replace the binary form with an equivalent form. Moreover the discriminants of two equivalent forms are equal. Let p be a prime number and put
Therefore, the number of solutions of |F (x, y)| ≤ m is at most
and N F j is the number of solutions to |F j (x, y)| ≤ m. Note that by (9) ,
This means if N is an upper bound for the number of solutions to |G(x, y)| ≤ m, where G ranges over binary forms of degree n , with |D(G)| ≥ p n(n−1) , then (p+1)N will be an upper bound for the number of solutions to |F (x, y)| ≤ m when F has a nonzero discriminant. This argument, together with Theorems 1.1 and 1.2, leads to the statements of Theorems 1.4 and 1.5, by taking ǫ = , repectively. Assume that |F (x, y)| ≤ m has a primitive solution (x 0 , y 0 ). Then there is a matrix A in GL 2 (Z), with det A = ±1, for which A −1 (x 0 , y 0 ) is (1, 0). Therefore, (1, 0) is a solution to
We conclude that the leading coefficient of F A is an integer that does not exceed m in absolute value. From now on we will assume that
n + a 1 x n−1 y + . . . + a n y n . Similarly, provided that the equation |F (x, y)| = m has at least one solution, we can (and will) assume that the leading coefficient of F is ±m.
Small Solutions
4.1. Small Solutions of Thue Inequalities. Fix a positive real number Y 0 . Following [18] , [33] and [7] , we will estimate the number of primitive solutions (x, y) to |F (x, y)| ≤ m, for which 0 < y ≤ Y 0 . Let
.
We have assumed that a 0 , the leading coefficient of F (x, y), satisfies
We will also assume that F has the smallest Mahler measure among all equivalent forms that have their leading coefficient equal to a 0 . For the binary form
where β 1 ,. . . , β n are such that the form
Proof. This is Lemma 5 of [18] , Lemma 4 of [33] and Lemma 3 of [7] , by taking (x 0 , y 0 ) = (1, 0).
For the complex conjugateβ j of β j , where j = j(x, y), we also have 1
where Re(β j ) is the real part of β j . We now choose an integer m = m(x, y), with |Re(β j ) − m| ≤ 1/2, and we obtain
. Notice that if α i and α j are complex conjugates then X i = X j . So if F (X, 1) = 0 has 2q non-real roots then we may consider n − q sets X i .
Lemma 4.2. Suppose (x 1 , y 1 ) and (x 2 , y 2 ) are two distinct solutions in
Proof. This is Lemma 6 of [18] .
Proof. This is Lemma 7 of [18] .
By Lemma 4.1, the form
is equivalent to F (x, y) and therefore the form
is also equivalent to F (x, y), where m = m(x, y). Therefore, since we assumed that F has the smallest Mahler measure among its equivalent forms, we get
For each set X i , (i = 1, . . . , n − q), that is not empty, let (x (i) , y (i) ) be the element with the largest value of y. Let X be the set of solutions of |F (x, y)| ≤ m, with 1 ≤ y ≤ Y 0 minus the elements (x (1) , y (1) ), . . . , (x (n−q) , y (n−q) ). Suppose that for some integer i, the set X i is nonempty. Index the elements of X i as (x
For (x, y) in X but not in X i we have, by Lemma 4.3,
Let |X| be the cardinality of X. Comparing the above inequality with (13), we obtain (14) 1
for we have at most n − q different sets X i . Let θ = 4(n − 1)ǫ. Then, in view of (4), and by (10),
and therefore,
From this and by (14) ,
. Therefore, we have the following. 
Small Solutions of Thue Equations.
We estimate the number of primitive solutions (x, y) to |F (x, y)| = m for which 0 < y ≤ Y 0 . We keep our assumption (15) 0 < m ≤ |D|
We have assumed that |a 0 | = m. We may also assume that F has the smallest Mahler measure among all equivalent forms that have their leading coefficient equal to ±m. Therefore, our equation looks like
Repeating the above argument, the inequality (11) will become
Consequently, in this case, we can replace (14) by (4) and (15),
n and therefore,
n .
From here and by (17),
. So we have proven
Medium size solutions
In order to count the number of primitive solutions (x, y), with M(F ) 2 < y < M(F ) 1+(n−1) 2 , we will use the Lewis-Mahler inequality (see Lemma 2.1). Also the inequality (18) 3 + 2 log |D| log 3 ≥ n (see [20] for a proof) will be used in most of our proofs in this section.
Lemma 5.1. Let F (x, y) be a binary form with integral coefficients, degree n and discriminant D = 0. Suppose m is an integer satisfying
and α i is a real root of F (X, 1) = 0. Then there are at most 2 primitive solutions to the inequality
Proof. Assume that (x 1 , y 1 ), (x 2 , y 2 ) and (x 3 , y 3 ) are three distinct solutions to |F (x, y)| ≤ m and all related to α i , with
Since (x 1 , y 1 ), (x 2 , y 2 ) and (x 3 , y 3 ) are distinct solutions, we have
From our assumption m <
and by (18) , we have [33] , we define δ j , for j = 1, 2, 3, by
By (4), M(F ) > 1 and so (19) implies that
This implies that
In other words, for each real root α i , there are at most 2 solutions (x, y),
Lemma 5.2. For a binary form F (x, y) with integer coefficients and degree n, let α be a non-real root of F (x, 1) = 0. Let m be a positive integer. If a pair of integers (x, y) satisfies |F (x, y)| ≤ m and is related to α then
Proof. The proof is similar to the proof of Proposition 5.1 of [2] .
Lemma 5.3. Let F (x, y) be a binary form with integral coefficients, degree n and discriminant D = 0. Suppose m is an integer satisfying
and α i is a non-real root of F (X, 1) = 0. Then there exists at most 1 primitive solution to the inequality
Proof. Assume that (x 1 , y 1 ) and (x 2 , y 2 ) are two distinct solutions to inequality |F (x, y)| ≤ m and both related to α i , a non-real root of
In the proof of Lemma 5.1, we have, similarly to (19) ,
2 , we conclude that
This contradicts (20) , since M(F ) is large. Therefore, for each nonreal root α i , there is at most 1 solution in integers x and y, with
In a similar manner, we show the following statement for the inequality |F (x, y)| ≤ m, where we do not assume any restriction for m in terms of the discriminant of F .
Lemma 5.4. Let F (x, y) be a binary form with integral coefficients, degree n and discriminant D = 0. Suppose that α i is a real root of F (X, 1) = 0. Then there are at most 3 primitive solutions to the inequality |F (x, y)| ≤ m, with
Proof. Assume that (x j , y j ) and (x j+1 , y j+1 ) are two distinct solutions to |F (x, y)| ≤ m and all related to α i with
Similarly to the proof of Lemma 5.1, we get
In view of (18), we conclude that
Thus,
We define δ j as follows:
Inequality (21) implies that
From this we conclude that if there are 4 solutions (x j , y j ) with
In other words, for each real root α i , there are at most 3 solutions (x, y) satisfying
, that are related to α i 6. The proof of Theorem 1.3
In this short section, we turn our attention to the reducible binary forms. The bounds established in the previous sections can be easily used here, as no assumption on irreducibility of binary forms has been made yet.
The following is Lemma 1 of [17] , which guarantees no large solution and fewer medium solutions for the inequality, when our binary form is reducible.
Lemma 6.1 (Evertse and Győry). Assume that F is reducible. Then every solution of the inequality |F (x, y)| ≤ m satisfies
From Lemma 6.1, we conclude that the inequality |F (x, y)| ≤ m has no "large" solution, if F is reducible. The proof of Lemma 5.1 shows that there cannot be more than one "medium" solution related to each root of F in this case. Therefore, our inequality |F (x, y)| < m has at most n "medium" solutions. By Lemma 4.4, the inequality has at most
The Logarithmic Curve Φ
In the rest of this paper, we will study the number of large solutions to |F (x, y)| = m and |F (x, y)| ≤ m, where F (x, y) ∈ Z[x, y] is an irreducible binary form of degree n ≥ 3 and m is a positive integer. Denote by D the discriminant of F and put f (X) = F (X, 1). The case that f has only non-real roots has been settled in Lemma 5.2. From now on, we assume that f has at least one real root. Define, for k ∈ {1, 2, . . . , n},
Φ(x, y) = (φ 1 (x, y), φ 2 (x, y), . . . , φ n (x, y)) ∈ R n .
In the remainder of Section 7, we assume that
The first assumption simply means that |F (1, 0)| ≤ m. The second assumption does not hold for all binary forms, but it is a consequence of our assumption on m in relation to D in our main theorems. We denote by . the Euclidean norm on R n .
Lemma 7.1. Assume (24) and (25). Then
Proof. By Lemma 2.4,
Since we assumed that D > 2 (n−1) 2 , we get
By the definition of Φ in (23),
Lemma 7.2. Assume (24) and (25) . Suppose that (x, y) satisfies the equation |F (x, y)| ≤ m and
Proof. To estimate the size of Φ(x, y), we write it as the sum of two vectors v 1 , v 2 ∈ R n , where
Similarly to the proof of Lemma 7.1, we have
we have
After a permutation of roots α j , we may assume that
Therefore, for any k with u + 1 ≤ k ≤ n, we have
for u = 0, . . . , n, the statement of our lemma follows immediately.
Lemma 7.3. Assume (25) . Let (x, y) ∈ Z 2 be a pair with |F (x, y)| ≤ m and
Proof. Let α 1 , . . ., α n be the roots of F (X, 1) = 0. Then
By Lemma 2.1, there must exist a root α j so that
. By Lemmata 2.4 and 2.1,
. By Lemma 7.1, our proof is complete.
Lemma 7.4. Among all non-zero integer solutions to |F (x, y)| ≤ m, let (x 0 , y 0 ) be one for which Φ(x 0 , y 0 is minimal. Let (x, y) = ±(x 0 , y 0 ) ∈ Z 2 be another non-zero solution to |F (x, y)| ≤ m. Then
Proof. Let α i and α j with 1 ≤ i, j ≤ n be two distinct roots of f (X) = F (X, 1). We have
where φ i 's are defined in (22) . The last inequality follows from the fact that |xy 0 − yx 0 | is a non-zero integer. Since for every (x, y) ∈ Z 2 , we have |φ i (x, y)| < Φ(x, y) and Φ(x 0 , y 0 ) < Φ(x, y) , we conclude 2e 2 Φ(x,y)
Our lemma follows from this. 
Distance Functions
In Section 10, we will apply Baker's theory of linear forms in logarithms to derive a lower bound for log
. First we will establish an upper bound. Set
we may write
The new basis {b 1 , . . . , b n } of R n is useful in many ways. Writing Φ(x, y) in this coordinate system helps us to understand this curve as a one variable curve Φ(t) defined on the real numbers, where Φ(x, y) = Φ(x/y) for x, y ∈ Z. Also, unlike the original definition of Φ(x, y) with respect to the standard basis of R n , the value of F (x, y) does not appear in the coordinates of the vector Φ(x, y).
It turns out that if (x 1 , y 1 ) and (x 2 , y 2 ) are two solutions of |F (x, y)| ≤ m that are related to a fixed real root α n , with y 1 and y 2 large enough, then two points Φ(x 1 , y 1 ) and Φ(x 2 , y 2 ) are located near each other. We prove this fact by finding a line L n in R n such that Φ(x i , y i ) are all close to L n . Let (x, y) ∈ Z 2 be a solution to |F (x, y)| ≤ m that is related to α n , i.e., |x − α n y| = min 1≤j≤n |x − α j y| .
Then (27) Φ(x, y) =
One can easily observe that, for 1 ≤ i ≤ n, (29) c i ⊥ b n , and c i = √ n 2 − 3n + 2 n − 1 .
The above orthogonal coordinate system allows us to see the curve Φ(x, y) as a one variable curve Φ (t) defined on R, where for x, y ∈ Z, we have Φ(x, y) = Φ x y
. The next two Lemmata show that Φ(t) approaches a line L n as t approaches a fixed root α n of F (X, 1) = 0.
Let (x, y) ∈ Z 2 be a solution to |F (x, y)| ≤ m and suppose that |x − α n y| = min 1≤j≤n |x − α j y| .
Then the distance between Φ(x, y) and the line L n is equal to
Proof. The proof is similar to the proof of Lemma 8.1 of [2] .
Lemma 8.2. Let the notation be as in Lemma 8.1 and let C be a positive number. Suppose that (x, y) ∈ Z 2 is a solution to |F (x, y)| ≤ m that is related to α n , with
Then the distance between Φ(x, y) and the line L n is less than
Proof. By Lemma 7.2 we have
which implies log y(
Therefore,
By (30) and our assumption on the size of |y|, our proof is complete.
be a form of degree n. Let α 1 , . . . , α n be the roots of f (X) = F (X, 1). Fix a root α n . For any (x, y) ∈ Z 2 , with y = 0, set t = x y and
Proof. The proof is similar to the proof of Lemma 8.2 of [2] .
Let α n be a fixed real root of F (X, 1) = 0. For any two roots α i and α j of F (X, 1) = 0 distinct to each other and distinct to α n , and (x, y) ∈ Z 2 , we define
Lemma 8.4. Fix a positive number C. Let (x, y) be a pair of integers satisfying |F (x, y)| ≤ m with
Then there exists a pair of indices (i, j) with i = j for which
Proof. By Lemma 8.3, there must be a pair (i, j), for which the following holds:
Therefore, by Lemmata 8.1 and 8.2,
Lemma 8.5. Fix a positive number C. Let α n be a fixed real root of F (X, 1). Let (x, y) ∈ Z 2 be a solution to |F (x, y)| ≤ m and suppose that |x − α n y| = min
has its principal value then there exists a pair of indices (i, j) with i = j for which
Proof. Choose (i, j) according to Lemma 8.4 . First assume that
Then log (α n − α i )(
and the proof follows immediately from Lemma 8.4. Now assume that
where θ is the principal argument of
and
Next we will estimate the argument θ. Let θ 1 and θ 2 be the principle arguments of . We have
To estimate |θ 1 |, we notice that the argument of 
where the last inequality is from our assumption on the size of y.
From elementary trigonometry, we have
Therefore, from the Taylor expansion of sin(z) about 0, we conclude that
Similarly, we have
Since n ≥ 3, we have
This, together with (33) and Lemma 8.4 , implies that log (α n − α i )(
the Exponential Gap Principle
Theorem 9.1. Fix a positive number C. Suppose n ≥ 5. Let (x 1 , y 1 ), (x 2 , y 2 ) and (x 3 , y 3 ) be three integral solutions to the inequality |F (x, y)| ≤ m that are all related to the real root α n of F (X, 1) = 0, with
Proof. We define the vectorsẽ(i, j) (i, j ∈ {1, 2, 3}) as follows.
We also define c := ẽ(3, 1) , b := ẽ(3, 2) and a := ẽ(2, 1) ,
In (58), we will show that c − a − b = 0. This implies that the three points Φ(x j , y j ) (j = 1, 2, 3) are not collinear. Let ∆ be the triangle with vertices Φ 1 = Φ(x 1 , y 1 ), Φ 2 = Φ(x 2 , y 2 ) and Φ 3 = Φ(x 3 , y 3 ). The length of each side of ∆ is less than 2r 3 . By Lemma 8.2 and some elementary geometry, the shortest altitude of triangle ∆ has length at most
Therefore, the area of ∆ is less than
In order to estimate the area of ∆ from below, we will estimate the length of each side of ∆. We proceed to show (37) ẽ
Using the triangle inequality and our assumption that (x i , y i ) is related to α n , we have for l = 1, . . . , n − 1,
Similarly,
Also by Lemmata 2.1 and 2.2, and since
Now we can estimate the size of each coordinate of the vector ẽ(i, j) . We have, for l ∈ {1, . . . , n − 1},
From (39) and (38), and the fact that 1 ≤ |F (x i , y i )| ≤ m, we get
(
Therefore, by (40),
Assume, without loss of generality, that |y i | > |y j | (notice that ẽ(i, j) = ẽ(j, i) ). By (19) , |y i | ≥
M n−2 . This, together with our assumption (34) , implies that log 1 3 m −1/n y i y j > 0, and log 3m
We also have
Therefore, by (43), we obtain
Since we assumed y i > y j , by (19) and (34), both positive numbers
are smaller than 1. We conclude that
By (43), for α l = α n , we have
The lower bound (37) follows from (19) and (34) . In order to estimate the area of ∆ from below, we are going to use the Heron's formula, which states that if a, b and c are the lengths of the sides of a triangle then the area of this triangle is given by
Letẽ(i, j) be the vectors that are defined in (35) and
By (37), we have
Next we will obtain a lower bound for a+b−c 2
. We define, for 1 ≤ j < i ≤ 3, .
Then (51)
To give a lower bound for a + b − c, we rearrange this summation as We have shown that if b−c 2 is a negative number then it has a relatively small absolute value. Next we will show that a − c 1 is large enough to cancel this possibly negative value and provide a positive lower bound
where ǫ = . By (34) and (19),
Now, we will estimate a ′ − (1 + ǫ) (1 + δ) c ′ . By (50), we have
because, by (34), we have
Therefore, by (56) and (55), when n ≥ 5, we have
This, together with (46), (47), (48), and (49), implies that the area of ∆ is greater than 1 2 (n − 1)
Comparing this lower bound with the upper bound that is obtained in (36) , the proof of the theorem is complete.
Theorem 9.2. Suppose n ≥ 3. Let (x 1 , y 1 ), (x 2 , y 2 ), (x 3 , y 3 ) and (x 4 , y 4 ) be four integral solutions to the inequality |F (x, y)| ≤ m that are all related to the real root α n of F (X, 1) = 0, with
where
Proof. The proof is almost identical to the proof of Theorem 9.1. The inequality (58) is not useful for n < 5 (the right-hand side would be negative). By assuming the existence of 4 large solutions, as opposed to 3 large solutions in the previous theorem, we can improve (58) to an inequality that works for smaller degrees 3 and 4, as well. We will consider the triangle with vertices Φ(x 1 , y 1 ), Φ(x 2 , y 2 ) and Φ(x 4 , y 4 ). Let c := ẽ(4, 1) , b := ẽ(4, 2) and a := ẽ(2, 1) .
We also define .
Similarly to (55), we have
By (59), we have
Therefore, in place of (57), we obtain
We conclude that
Since n ≤ 4, we obtain
This inequality will be used instead of (58) in this proof. The rest of estimates are the same as those in the proof of Theorem 9.1.
Application of the theory of Linear forms in logarithms
10.1. Set up. Let α n be areal root of F (X, 1) = 0. Suppose that there are three primitive solutions (x 1 , y 1 ), (x 2 , y 2 ), (x 3 , y 3 ) to |F (x, y)| ≤ m with
+n−1
for j = 1, 2, 3 related to α n , where C ≥ 1 is a number to be specified later. Define r j := Φ(x j , y j ) for j = 1, 2, 3 and assume that r 1 ≤ r 2 ≤ r 3 . Let i, j be indices chosen according to Lemma 8.4. We will later specify a finite set of places S of the number field Q(α j ), containing all infinite places of this field, such that x − α j y is an S-unit of Q(α j ) for all solutions (x, y) of |F (x, y)| ≤ m under consideration. Let {ǫ 1 , . . . , ǫ s−1 } a fundamental system of S-units. Then in particular,
s−1 , for some root of unity ζ and rational integers b 1 , . . . , b s−1 . Let σ be the Q-isomorphism from Q(α j ) to Q(α i ) suh that σ(α j ) = α i and put ǫ
. . . , s − 1 and w is a rational integer.
We will apply Proposition 2.5 to obtain a lower bound for
We will work in the number field Q(α n , α i , α j ) of degree d. Trivially
We will find appropriate values for the quantities A k and B in Proposition 2.5. It turns out that in the statement of Proposition 2.5, we may take W 0 = 4 log(3d) + 2 log(s − 1)! + log (r 3 + log m) + log(s − 1) (61) < 10 log(s − 1)! + log (r 3 + log m) ,
and Ω = (2π n(n − 1)(n − 2))
One can see that the values C(|S|) and Ω are the largest in our estimates above. In particular, these two values determine the number of times we need to apply our gap principles established in Section 9.
Once these values are established, (60) and Proposition 2.5 imply that log log
By inserting Stirling's formula (s − 1)! ≤ e(s − 1) s−1/2 e −s+1 , we have log log
10.2.
Estimating A k 's. Let K be an algebraic number field of degree d 1 with unit rank r. Let S be a finite set of places on K containing the set of infinite places S ∞ . Let t be the number of finite places in S and |S| = s. Then we have s − 1 = r + t.
We denote the S-regulator of K by R S . Let P be the maximum of the norms of the prime ideals corresponding to non-Archimedean places in S. Let D K be the discriminant of K and q be the number of complex places of K. Put
It is shown in [10] 
) and
, where δ K = 1 53d 1 log 6d 1 .
The following is Lemma 1 of [10] (see also [22] ).
Proposition 10.1 (Bugeaud and Győry).
There exists in K a fundamental system {ǫ 1 , . . . , ǫ s−1 } of S-units with the following properties:
The absolute values of the entries of the inverse matrix of
Let again F (x, y) ∈ Z[x, y] be an irreducible binary form of degree n ≥ 3, and let a 0 := F (1, 0). Let as before α 1 , . . . , α n be the roots in C of F (X, 1) and K := Q(α 1 ). We assume that among these there are precisely r 1 real ones, and 2r 2 non-real ones. Let α i 1 , . . . , α in be a permutation of α 1 , . . . , α n such that α i j ∈ R for j = 1, . . . , r 1 and α i j+r 2 = α i j for j = r 1 +1, . . . , r 1 +r 2 . Then we define the Archimedean valuations on K by
for k = 1, . . . , r 1 + r 2 , where γ i k is the image of γ ∈ K under the embedding given by α → α i k , and where
When dealing with the inequality |F (x, y)| ≤ m we assume that |a 0 | ≤ m, and when dealing with the equation |F (x, y)| = m we assume that |a 0 | = m. Further, when dealing with the inequality |F (x, y)| ≤ m we take the set S to be the set consisting of all Archimedean places of K, and all non-Archimedean places of K lying above the rational primes not exceeding m. In this case,
where π(m) is the number of prime numbers less than or equal to the integer m. When dealing with the equation |F (x, y)| = m, we take the set S to be the set consisting of all Archimedean places of K, and all non-Archimedean places of K lying above the rational prime divisors of m. In this case, |S| ≤ n + n ω(m), where ω(m) is the number of prime factors of integer m. In both cases, we have
The algebraic numbers in our linear form in logarithms
come from the number field Q(α n , α i , α j ) which has degree d ≤ n(n − 1)(n − 2). Therefore, we must use d for the degree of the algebraic number field in Proposition 2.5. However, when estimating the absolute logarithmic heights, we end up working with units in Q(α n ) and therefore while applying Proposition 10.1, we will take d 1 = n.
In (60), we have
and, by the properties of the logarithmic height, we have
Further, we have | log λ k+1 | ≤ | log ǫ k |+| log ǫ ′ k |. If log ǫ k has it principal value, then clearly, by (6), | log ǫ k | ≤ 2n h(ǫ k )+π. By a result of Voutier in [36] , we have
log log n log n 3 .
log n log log n 3 .
For the degree d of the number field Q(α n , α i , α j ), we have d ≤ n(n − 1)(n − 2). To apply Proposition 2.5, by (67) and (68), we may take for k = 2, . . . , s,
Therefore, by part (1) of Lemma 10.1,
log n log log n
By inequality (65),
Therefore, putting the above two inequalities together, we get
log n log log n −3
From the definition of ∆ in (64), we have
. 10.3. Estimating A 1 . To apply Proposition 2.5, we take
First we estimate h αn−α i αn−α j . For every k ∈ {1, . . . , n}, let S k consist of the Archimedean places of Q(α k ) and of all non-Archimedean places corresponding to the prime ideals of Q(α k ) dividing p≤m p. Let (x, y) ∈ Z 2 be a non-zero solution of |F (x, y)| ≤ m where a 0 = F (1, 0). We have x − α k y is an S k -unit of Q(α k ) for all solutions (x, y) of |F (x, y)| ≤ m under consideration. Also for k 1 , k 2 ∈ {1, . . . , n}, we have |S k 1 | = |S k 2 |. Without loss of generality, we work in K = Q(α 1 ) and let S = S 1 . The same results will be valid in every number field Q(α k ) with corresponding set of places S k .
On the one hand, a 0 α 1 is an algebraic integer. On the other hand,
The ring of integers of K consists precisely of those elements γ of K such that |γ| v ≤ 1 for every non-Archimedean place v of K. So for each non-Archimedean place v of K we have
v . As a consequence, |x − α 1 y| v = 1 for v ∈ S, i.e., x − α 1 y is an S-unit, and
2 be another pair with |F (x, y)| ≤ m, y > 0 and Φ(x, y) ≥ Φ(1, 0) . Then
Proof. Let β i = x − yα i . We have
Thus, from the properties of the absolute logarithmic height,
Let φ i be as in (22) . Put
where s = |S|, and
, log |β 1 | v r 1 +r 2 +1 , . . . , log |β 1 | vs .
In the above definitions v i (i = r 1 +r 2 , . . . , s) denote the non-Archimedean places in S, which are defined in (66). Recall that F (1, 0) = a 0 . Let . 1 denote the sum norm. Then
By Lemma 7.3 we have
Moreover, by (70),
This leads to
This, together with (71), completes the proof.
If log
has its principal value, by (6), we have
Therefore, by Theorem 10.2, we may take
Combining this estimate for A 1 with (69), we conclude that
. This confirms the value for Ω in (62). 
We have the following matrix multiplication.
where β 1 = x 3 − α 1 y 3 . We have
where w is defined in (72). Then by part (3) of Lemma 10.1, we deduce that
where the last inequality is deduced from (73). When the function log has its principle value then in (60), we have
This leads us to the following choice for B in Proposition 2.5:
This establishes the value for W 0 in (61).
10.5.
Completing the proofs by contradiction. We are going to combine the gap principles that are established in Theorems (9.1) and (9.2), with Proposition 2.5 to give an upper bound for the number of possible large solutions.
Remark. If we start with 3 solutions, the gap principle works, but the constants from Proposition 2.5 are too large to provide a contradiction. We should remark that we do not believe these constants are sharp. However, with 5 solutions and applying the gap principle twice we get a contradiction. This will lead us to conclude that there are at most 4 large solutions.
First assume that the degree of the binary form F (x, y) is greater than 4 and there are 5 solutions (x 1 , y 1 ), (x 2 , y 2 ), (x 3 , y 3 ), (x 4 , y 4 ), (x 5 , y 5 ) to |F (x, y)| ≤ m, satisfying the following conditions where α n is a real root of F (X, 1) = 0 and C is a positive number to be specified later. Assume that r 1 ≤ r 2 ≤ r 3 ≤ r 4 ≤ r 5 , where r j = Φ(x j , y j ) . Let K = 2500(s + 2) 2s+7 (4π) s+2 (n(n − 1)(n − 2)) s+2 |D| (log |D|) n × (74) ×(log m) s+1 log log m log n log log n . Inequality (63) implies that log log (α n − α i )(x 3 − α j y 3 ) (α n − α j )(x 3 − α i y 3 ) > −Kr 1 log r 3 .
Similarly, log log (α n − α i )(x 5 − α j y 5 ) (α n − α j )(x 5 − α i y 5 ) > −Kr 3 log r 5 , where (i, j), (i ′ , j ′ ) ∈ {1, . . . , n−1}×{1, . . . , n−1} are chosen according to Lemma 8.4 . Comparing this with Lemma 8.5, we have − log C + log n n − 2 + −r 3 n √ n > −Kr 1 log r 3 .
By Lemma 7.4, the value r 3 is large enough to satisfy Proof. We assume that there is a real root of F (X, 1), say α n , so that there are 5 solutions (x, y) ∈ Z 2 with y ≥ M(F ) 1+(n−1) 2 that are related to α n . We apply Theorem 9.1 with Then (76) provides a contradiction. We conclude that there can exist at most 4 primitive solutions (x, y) with y ≥ M(F ) 1+(n−1) 2 that are related to any fixed real root of F (X, 1). The proof is complete since the number of real roots of F (X, 1) is n − 2q. Now assume that the degree n ≥ 3 and that there are 7 primitive solutions with y ≥ M(F ) 1+(n−1) 2 that are related to α n . By Theorem 9.2, we have Proof. We assume that there is a real root of F (X, 1), say α n , so that there are 7 primitive solutions (x, y) ∈ Z 2 with y ≥ M(F ) 1+(n−1) 2 that are related to α n . We apply Theorem 9. Then (77) provides a contradiction. We conclude that there can exist at most 6 primitive solutions (x, y) with y ≥ M(F ) 1+(n−1) 2 that are related to any fixed real root of F (X, 1). The proof is complete since the number of real roots of F (X, 1) is n − 2q. 
